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Abstract. We prove that the normalizer of any diffuse amenable subalgebra 
of a free group factor L(¥ r ) generates an amenable von Neumann subalgebra. 
Moreover, any IR factor of the form Q<i)L(F r ), with Q an arbitrary subfactor 
of a tensor product of free group factors, has no Cartan subalgebras. We 
also prove that if a free ergodic measure preserving action of a free group 
' F r , 2 < r < co, on a probability space (X,fi) is profinite then the group 

measure space factor L°°(X) xF r has unique Cartan subalgebra, up to unitary 
(-h ; conjugacy. 
+-> 

B: 

1. Introduction 

A celebrated theorem of Connes ( |Co2j ) shows that all amenable Hi factors 
are isomorphic to the approximately finite dimensional (AFD) Hi factor R of 
Murray and von Neumann ( [MvN] ) . In particular, all Hi group factors L(T) 
associated with ICC (infinite conjugacy class) amenable groups T, and all group 
\q . measure space Hi factors L°°(X) x T arising from free ergodic measure preserving 

actions of countable amenable groups T on a probability space T rx X, are 
isomorphic to R. Moreover, by [CFW], any decomposition of R as a group 
measure space algebra is unique, i.e. if R = L°°(Xi) x Tj, for some free ergodic 
measure preserving actions rx Xi, i = 1, 2, then there exists an automorphism 
of R taking L°°(Xi) onto L oc (X 2 ). In fact, any two Cartan subalgebras of R are 
conjugate by an automorphism of R. 

Recall in this respect that a Cartan subalgebra A in a Hi factor M is a maximal 
abelian "-subalgebra A C M with normalizer J\f M (A) = {nG M(A) \ uAu* = A} 
generating M (02], WM)- Its 

presence amounts to realizing M generalized 
(twisted) version of the group measure space construction, for an action r rx X 
and a 2-cocycle, with A = L°°(X). Decomposing factors this way is important, 
especially if one can show uniqueness of their Cartan subalgebras, because then 
the classification of the factors reduces to the classification of the corresponding 
actions r rx X up to orbit equivalence QFMj ). But beyond the amenable 
case, very little is known about uniqueness, or possible non-existence, of Cartan 
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subalgebras in group factors, or other factors that are a priori constructed in 
different ways than as group measure space algebras. 

We investigate in this paper Cartan decomposition properties for a class of 
non-amenable Hi factors that are in some sense "closest to being amenable". 
Thus, we consider factors M satisfying the complete metric approximation prop- 
erty (cm. a. p.) of Haagerup ( |Halj ). which requires existence of normal, finite 
rank, completely bounded (cb) maps n : M — > M, such that ||0 n ||cb < 1 and 
lim ||0 n (x) — re || 2 = 0, Vx G M, where || • H2 denotes the Hilbert norm given by the 
trace of M (note that if cj) n could be taken unital, M would follow amenable). 
This is same as saying that the Cowling-Haagerup constant A cb (M) equals 1 (see 
|CHJ). The prototype non-amenable cm. a. p. factors are the free group factors 
L(¥ r ), 2 < r < 00 ( |Halj ). Like amenability, the cm. a. p. passes to subfactors 
and is well behaved to inductive limits and tensor products. 

We in fact restrict our attention to cm. a. p. factors of the form M = Q x F r , 
and to subfactors N of such M. Our aim is to locate all (or prove possible 
absence of) diffuse AFD subalgebras P C N whose normalizer Nn(P) generates 
N. Our general result along these lines shows: 

Theorem. Let ¥ r rx Q be an action of a free group on a finite von Neumann 
algebra. Assume M = Q x F r has the complete metric approximation property. 
If P C M is a diffuse amenable subalgebra and N denotes the von Neumann 
algebra generated by its normalizer Mm (P) , then either N is amenable relative 
to Q inside M, or P can be embedded into Q inside M. 

The amenability property of a von Neumann subalgebra N (Z M relative to 
another von Neumann subalgebra Q C M is rather self-explanatory: it requires 
existence of a norm one projection from the basic construction algebra of the 
inclusion Q C M onto N (see Definition 12.21) . The "embeddability of a subalge- 
bra P C M into another subalgebra Q C M inside an ambient factor M" is in 
the sense of |Po4j (see Definition 12.61 below), and roughly means that P can be 
conjugated into Q via a unitary element of M. 

We mention three applications of the Theorem, each corresponding to a par- 
ticular choice of F r rx Q and solving well known problems. Thus, taking Q — C, 
we get: 

Corollary 1. The normalizer of any diffuse amenable subalgebra P of a free 
group factor L(¥ r ) generates an amenable (thus AFD by |Co2j ) von Neumann 
algebra. 

If we take Q to be an arbitrary finite factor with A c b(Q) = 1 and let F r act 
trivially on it, then M = Q <8> L(¥ r ), A c b(M) = 1 and the Theorem implies: 

Corollary 2. If Q is a ll\ factor with the complete metric approximation prop- 
erty then Q ® L(¥ r ) does not have Cartan subalgebras. Moreover, if N C 
Q £§> L(¥ r ) is a subfactor of finite index [Jo], then N does not have Cartan 
subalgebras either. 

This shows in particular that any factor of the form L(¥ r ) (g> R, L(¥ ri ) ® 
L(F r2 ) (§)•••, and more generally any subfactor of finite index of such a factor, 
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has no Cartan decomposition. Besides Q = R,L(¥ r ), other examples of factors 
with A cb (Q) = 1 are the group factors L(T) corresponding to ICC discrete 
subgroups r of SO(l, n) and SU(1, n) ( [dCHl fCH]). as well as any subf actor of a 
tensor product of such factors. None of the factors covered by Corollary 2 were 
known until now not to have Cartan decomposition. 

Finally, if we take F r rx X to be a profinite measure preserving action on a 
probability measure space (X, //), i.e. an action with the property that L°°(X) is 
a limit of an increasing sequence of F r -invariant finite dimensional subalgebras 
Q n of L°°(X), then M = L°°(X) x F r is an increasing limit of the algebras 
Q n x F r , each one of which is an amplification of L(¥ r ). Since cm. a. p. behaves 
well to amplifications and inductive limits, it follows that M has cm. a. p., so by 
applying the Theorem and (A.l in [Po3j ) we get: 

Corollary 3. If¥ r rx X is a free ergodic measure preserving profinite action, 
then L°°(X) is the unique Cartan subalgebra of the lli-factor L°°(X) x F r , up 
to unitary conjugacy. 

The above corollary produces the first examples of non-amenable Hi factors 
with all Cartan subalgebras unitary conjugate. Indeed, the "unique Cartan 
decomposition" results in [Po3[ IPo4l IIPP] only showed conjugacy of Cartan 
subalgebras satisfying certain properties. This was still enough for differentiating 
factors of the form L°°(T 2 ) x F r and calculating their fundamental group in [Po3j . 
by using [Gaj . Similarly here, when combined with Gaboriau's results, Corollary 
3 shows that any factor L°°(X) x F n 2 < r < oo, arising from a free ergodic 
profinite action F r rx X, has trivial fundamental group. Also, if F s rx X is 
another such action, with r < s < oo, then L°°(X) x F r rfi. x F s . It 

can be shown that the factors considered in |Po3t IPo4l IIPP] cannot even be 
embedded into the factors arising from profinite actions of free groups. Note 
that the uniqueness of the Cartan subalgebras of the AFD factor R is up to 
conjugacy by automorphisms ( |CFWj ). but not up to unitary conjugacy, i.e. up 
to conjugacy by inner automorphisms. Indeed, by |FM] there exist uncountably 
many non- unitary conjugate Cartan subalgebras in R. Finally, note that Connes 
and Jones constructed examples of Hi factors M with two Cartan subalgebras 
that are not conjugate by automorphisms of M ( [CJ] ). 

Corollary 1 strengthens two well known in-decomposability properties of free 
group factors: Voiculescu's result in |Voj . showing that L(¥ r ) has no Cartan 
subalgebras, which in fact exhibited the first examples of factors with no Car- 
tan decomposition; and the first named author's result in [Uz2j . showing that 
the commutant in L(¥ r ) of any diffuse subalgebra must be amenable (L(¥ r ) 
are solid), which itself strengthened the in-decomposability of L(¥ r ) into tensor 
product of Hi factors (primeness of free group factors) in [Gej . 

One should point out that Connes already constructed in |Colj a factor N 
that does not admit a "classic" group measure space decomposition L°°(X) x T. 
His factor N is defined as the fixed point algebra of an appropriate finite group 
of automorphisms of M = R ® L(¥ r ). But it was left open whether N cannot 
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be obtained as a generalized group measure space factor either, i.e. whether it 
does not have Cartan decomposition. Corollary 2 shows that indeed it doesn't. 

The proof of the Theorem follows a "deformation/rigidity" strategy, being 
inspired by arguments in [Po5j and [Po3j . The proof is in two parts: 

First we show that if a factor M has the complete metric approximation 
property then given any AFD subalgebra P C M the action (by conjugation) of 
the normalizer Mm{P) on it satisfies a certain weak compactness property. This 
essentially means L 2 (P) is a limit of finite dimensional subspaces that are almost 
invariant to both the left multiplication by elements in P and to the AdA/Vl-P) 
action, in the Hilbert-Schmidt norm (see Theorem 13. 5p . Note that this implies 
wreath product factors M = B T x T, with T non-amenable and B ^ C, can never 
have the complete metric approximation property. In particular A c b(A I T) > 1, 
VA 7^ 1, a fact that was open until now. 

For the second part, assume for simplicity M = L(W r ). Let P C M be 
diffuse AFD, N = Af M (P)". Taking rj G HS{L 2 (M)) ~ L 2 (M) ® L 2 (M) to be 
F0mer-type elements as given by the first part of the proof and a t the "malleable 
deformation" of L(¥ r )*L(¥ r ) in [Po2UPo5] . it follows that for t small the elements 
(a t Cg) 1) (rj) G L 2 (M * M) ® L 2 (M) are still "almost invariant," in the above sense. 
This is used to prove that L 2 (N) is weakly contained in a multiple of the coarse 
bimodule L 2 (M) (§) L 2 (M), thus showing N is AFD by the characterizations of 
amenability in [Co2] . This argument is the subject of Theorem 14. II in the text. 

We recall in Section [2] of the paper a number of known results needed in 
the proofs, for the reader's convenience. This includes a discussion of relative 
amenability (12. 2p , intertwining lemmas for subalgebras (12. 3p and several facts on 
the complete metric approximation property (12. 4p . We mention that in the last 
Section of the paper we prove that for each 2 < r < oo there exist uncountably 
many non orbit equivalent profinite actions F r rv X, which by Corollary 3 
provide uncountably many non-isomorphic factors L°°(X) x F r as well (see !5.5p . 



2. Preliminaries 

2.1. Finite von Neumann algebras. We fix conventions for (semi-)finite von 
Neumann algebras, but before that we note that the symbol "Lim" will be used 
for a state on £°°(N), or more generally on £°°(I) with / directed, which ex- 
tends the ordinary limit, and that the abbreviation "u.c.p." stands for "unital 
completely positive." We say a map is normal if it is ultraweakly continu- 
ous. Whenever a finite von Neumann algebra M is being considered, it comes 
equipped with a distinguished faithful normal tracial state, denoted by r. Any 
group action on a finite von Neumann algebra is assumed to preserve the tracial 
state t. If M = L(T) is a group von Neumann algebra, then the tracial state r is 
given by r(x) = (x5\, 5i) for x G L{T). Any von Neumann subalgebra PcMis 
assumed to contain the unit of M and inherits the tracial state r from M. The 
unique r-preserving conditional expectation from M onto P is denoted by Ep. 
We denote by Z(M) the center of M; by U{M) the group of unitary elements 
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in M; and by 

Af M (P) = {ue U(M) : (Adu)(P) = P} 
the normalizing group of P in M, where (Adu)(x) = uxu*. A maximal abelian 
von Neumann subalgebra A C M satisfying Mm(A)" = M is called a Cartan 
subalgebra. We note that if F r\ X is an ergodic essentially-free probability- 
measure-preserving action, then A = L°°(X) is a Cartan subalgebra in the 
crossed product L°°(X) x L. (See [FM] .) 

We refer the reader to the section IX. 2 of [Taj for the details of the follow- 
ing facts on noncommutative L p -spaces. Let Af be a semi-finite von Neumann 
algebra with a faithful normal semi- finite trace Tr. For 1 < p < oo, we define 
the L p -norm on Af by \\x\\ p = Tr(|x| p ) 1 ' p . By completing {x E Af : \\x\\ p < oo} 
with respect to the L p -norm, we obtain a Banach space L p (Af). We only need 
L l (Af), L 2 (Af) and L°°(Af) = Af. The trace Tr extends to a contractive linear 
functional on L l (Af). We occasionally write x for x G Af when viewed as an 
element in L 2 (Af). For any 1 < p, q, r < oo with 1/p + l/q = 1/r, there is a 
natural product map 

L p (Af) x L q {Af) 3 (x,y) ^ xy e L'\Af) 

which satisfies ||a^/||r — ll^llpllz/llg ^ OT an y x an d V- The Banach space L 1 (A/') 
is identified with the predual of Af under the duality L^-^Af) x Af 3 (C,x) i— ► 
Tr(Cx) G C. The Banach space L 2 (Af) is identified with the GNS-Hilbert space of 
(A/ - , Tr). Elements in L p (Af) can be regarded as closed operators on L 2 {Af) which 
are affiliated with Af and hence in addition to the above-mentioned product, 
there are well-defined notion of positivity, square root, etc. We will use many 
times the generalized Powers-St0rmer inequality (Theorem XL 1.2 in [Taj): 

(2.i) h-ai< ii^ 2 -c 2 iii< ito + ciwto-cih 

for every rj, ( G L 2 (Af)+. The Hilbert space L 2 (Af) is an A/"-bimodule such that 
(x^y,r]) = Tr(x(,yr]*) for £,77 G L 2 (Af) and x, y G A/". We recall that this gives 
the canonical identification between the commutant Af' of Af in M(L 2 (Af)) and 
the opposite von Neumann algebra Af op = {x op : x G Af} of A/". Moreover, the 
opposite von Neumann algebra Af op is ^-isomorphic to the complex conjugate von 
Neumann algebra Af = {x : x G Af} of A/" under the ^-isomorphism x op n- > x*. 

Whenever Ao C A/" is a von Neumann subalgebra such that the restriction of 
Tr to Ao is still semi-finite, we identify L p (A/o) with the corresponding subspace 
of L p (Af). Anticipating a later use, we consider the tensor product von Neumann 
algebra (Af®M, Tr (g>r) of a semi-finite von Neumann algebra (Af, Tr) and a finite 
von Neumann algebra (M, r). Then, Af = A/"® CI G Af ®M and the restriction 
of Tr ®r to A/" is Tr. Moreover, the conditional expectation id®r: Af ®M — ► A/" 
extends to a contraction from L (Af '(8) M) — > Lf(Af). 

Let Q C M be finite von Neumann algebras. Then, the conditional expec- 
tation i?Q can be viewed as the orthogonal projection eg from L 2 (M) onto 
L 2 (Q) C L 2 (M). It satisfies tQXtQ = Eq(x)cq for every x G M. The 6aszc 
construction (M, eg) is the von Neumann subalgebra of M(L 2 (M)) generated by 
M and cq. We note that (M, 6q) coincides with the commutant of the right 
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Q-action in B(L 2 (M)). The linear span of {xcqd : x, y G M} is an ultraweakly 
dense *-subalgebra in (M, eg) and the basic construction (M, eg) comes together 
with the faithful normal semi-finite trace Tr such that Tr(xeg?/) = r(xy). See 
Section 1.3 in |Po3j for more information on the basic construction. 

2.2. Relative amenability. We adapt here Connes's characterization of amenable 
von Neumann algebras to the relative situation. Recall that for von Neumann 
algebras iV C A/", a state (p on M is said to be N -central if ip o Ad(u) = ip for 
any u G U{N), or equivalently if ip (ax) = ip(xa) for all a G N and x G M . 

Theorem 2.1. Let Q,N C M be finite von Neumann algebras. Then, the 
following are equivalent. 

(1) There exists a N -central state ip on (M, eg) such that <p\m = t. 

(2) There exists a N -central state ip on (M, eg) such that ip is normal on M 
and faithful on Z(N' n M). 

(3) There exists a conditional expectation $ from (M, cq) onto N such that 
®\m — En- 

(4) There exists a net (£ n ) in L 2 (M, eg) such that lim n (x£ n , £ n ) = r(x) for 
every x G M and that lim || [u, £ n ]||2 = for every u G N . 

Definition 2.2. Let Q, N C M be finite von Neumann algebras. We say N is 
amenable relative to Q inside M, denoted by N <mQi if an Y of the conditions in 
Theorem 12.11 holds. We say Q is co-amenable in M if M <m Q (cf. |Polt lADj ). 

Proof of Theorem \2.1\ The proof follows a standard recipe of the theory (cf. 
|Co2|, IHa2| IPol] ). The implication (|TJ) => (J2J) is obvious. To prove the converse, 
assume the condition (JSJ). Then, there exists b G L 1 (M) + such that <p{x) = r(bx) 
for x G M. Since ip is Af-central, one has ubu* = b for all u G U(N), i.e. 
b G L 1 (N' DM). We consider the directed set / of finite subsets of U(N' n M). 
For each element i = {wi, . . . , u n } G / and m G N, we define bi = n~ x Ukbul G 
L\N' n M)+, Cl , m = X(i/ m ,oo)(^)&r 1/2 eiV'HM and 

1 n 

^i,m{x) / , l p(yUj : Cj i m XCj i rn Ui t ) 

n 

k=l 

for x G (M, cq). Since Ci,m u k E N' M, the positive linear functionals ipi tin are 
still A^-central and ip^ m (x) = r(x{i/m,oo)ibi)x) for x G M. We note that 

hmlimX(i/ m ,oo)(&i) = lims(&;) = Y\m\J s(u k bu* k ) = z, 

where s( • ) means the support projection and z is the central support projection 
of b in N' n M. Since ^(^ ± ) = r(6z ± ) = and <p is faithful on Z(N' n M), one 
has z = 1. Hence, the state ^ = Linij Lim m ip^m on (M, eg) is A^-central and 
satisfies = r. This proves ([!]). 

We prove ([T]) ([3]): Let a A^-central state ip on (M, eg) be given such that 
¥>|m — r - Take a net (£ n ) of positive norm-one elements in L 1 (M, eg) such that 
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Tr(£ n • ) converges to <p pointwise. Then, for every x G (M, eg) and u G U(N), 
one has 

limTr((Cn - Ad(u)( n )x) = <p(x) - <p(Ad(u*){x)) = 

n 

by assumption. It follows that for every u G U(N), the net ( n — Ad(u)(( n ) 
in L 1 (M, eg) converges to zero in the weak-topology. By the Hahn-Banach 
separation theorem, one may assume, by passing to convex combinations, that 
it converges to zero in norm. Thus, \\[u, Cn]\\i ~~ > for every u G U(N). By 
(12.11) . if we define £ n = C^j 2 G L 2 (M, eg), then one has \\[u, CrJIh — > for every 
u G U(N). Moreover, for any x G M, 

lim(:r£ n ,£ n ) = limTr(C„x) = cp(x) = t(x). 

n n 

We prove ® ©: Since 

\<p(bcyz)\ = \<p(cyzb)\ < ^{cyy^c^^z^zb) 1 ' 2 < ||&|| 2 ||c|| 2 ||2/|| \\z\\ 

for every b,c E N and y,z E (M, eg), one has |y?(ax)| < ||a||i||x|| for every a E N 
and x G (M, eg). Hence, for every x G (M, eg), we may define G N = 

L l (N)* by the duality r(a$(x)) = <^(ax) for all a G iV. It is clear that $ is a 
conditional expectation onto iV such that = E N . 

We prove (EJ) (JTJ) : If there is a conditional expectation $ from (M, eg) 
onto iV such that $|m = E^, then = r o $ is an iV-central state such that 
(f\ M =t. □ 

Let iVo C M be a von Neumann subalgebra whose unit e does not coincide 
with the unit of M. We say N is amenable relative to Q inside M, denoted by 
Nq <m Q, if N + C(l — e) <m Q- We observe that N < M Q if and only if there 
exists an iV -central state <p on e(M, eg)e such that <^(exe) = r(exe)/r(e) for 
x G M. 

Corollary 2.3. Let Qi, . . . ,Qk, N C M be finite von Neumann algebras and 
Q C U(N) be a subgroup such that Q" = N. Assume that for every non-zero 
projection p G Z(N' D M), there exists a net (£ n ) of vectors in a multiple of 
0* =1 L 2 (M,eg.) snc/i that 

(1) limsup ||x^ n ||2 < ||a;||2 for all x G M; 

(2) liminf ||p£ n ||2 > 0; and 

(3) lim || [u, £„] || 2 = /or every u EQ . 

Then, there exist projections Pi, ■ ■ ■ ,Pk G Z(N' H M) stzc/i i/ia£ 52j=iPj = 1 anc ^ 
iVpj <a/ / or every j. 

Proof. We observe that if there exists an increasing net (ej)j of projections in 
Z(N' n M) such that iVe^ <mQ for all 2, then iVe <m Q for e = sup e^. Hence, by 
Zorn's lemma, there is a maximal fc-tuple (pi, . . . ,pk) of projections in Z(N'nM) 
such that YlijPj — 1 an d -Wpj <m for every j. We prove that YujPj = 1- 
Suppose by contradiction that p = 1 — J2jPj 0? an d take a net (£ n ) as in 
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the statement of the corollary. We may assume that all £ n 's are in a multiple of 
L 2 (M, eg,.} for some fixed j G {1, . . . , k}. We define a state ip on (M, eg^.) by 

%l)(x) = Um\\p£ n \\2 2 {xp£ n ,p£ n ) 

n 

for x G (M, eg). It is not hard to see that ip(p) = 1, ip o Ad(it) = ip for every 
u G Q and i[)(x*x) < (liminf |b£ n ||)~ 2 ||x]9||2 f° r every x G M. It follows that iJj\m 
is normal and ip is iV-central. Let q be the minimal projection in Z(N' fl M) 
such that ^(9) = 1. We finish the proof by showing Nr <m Qj for r = pj + q 
(which gives the desired contradiction to maximality). Since Npj <m Qj, there 
is an iVpj-central state (p on pj{M,eQ j )pj such that ip(pjXpj) = T{pjXpj)/r{j)j) 
for x G M. We fix a state extension f of r on (M, eg.) and define a state on 
(M,e Q .)by 

tp(x) = r(j)j)(p(pjXpj) + T(q)tjj(qxq) + f((l - r)a;(l - r)) 

for x G (M, eg ). The state <^ is (Nr + C(l — r))-central, normal on M and 
faithful on Z((Nr + C(l - r))' n M) = Z(JV' n M)r + Z(M)(1 - r). Hence 
Theorem 12.11 implies Nr <m Qj- D 

Compare the following result with [Pol] and [ADJ. 

Proposition 2.4. Lei P,Q,N C M 6e /inite won Neumann algebras. Then, the 
following are true. 

(1) Suppose that M = Q »T is the crossed product of Q by a group T. Then, 
L(T) <m Q if and only ifY is amenable. 

(2) Suppose that Q is AFD. Then, P < M Q if and only if P is AFD. 

(3) If N < M P and P < M Q, then N < M Q. 

Proof. Denote by X g the unitary element in M which implements the action of 
g G T. Since egA(o)eQ = for g G T \ {1}, the projections {\ g eQ\* : g G T} 
are mutually orthogonal and generate an isomorphic copy of £°°(T) in (M, cq). 
Hence, if there exists an L(T)-central state on (M,cq), then its restriction to 
£°°(r) becomes a T-invariant mean. This proves the "only if" part of the assertion 
(1). The "if" part is trivial. The assertion (2) easily follows from the fact that 
(M, e Q ) is injective if (and only if) Q is AFD ([Co2]). 

Let us finally prove (3). Fix a conditional expectation $ from (M, eg) onto P 
such that $| M = E P . For f = YT=i ai ® b { e M ® M, we denote 

m 

IICII2 = ||^ a * ep6i ll^ 2 (^> = (^ T ( h l E p( a l a j) h i)) 1/2 ■ 

i=l i,j 

For ^ = YliLi a i®bi and n = YTj=i c j®dj i n M®M, we define a linear functional 

ip^ on (M, e Q ) by 

fv,d x ) = ^2 T ( b iH a i^j)dj). 
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We claim that Hy^H < IMhll^lh- Indeed, if $(x) = V*n(x)V is a Stinespring 
dilation, then one has 

<Pr,£(x) = (ir(x) ^7r(cj)Vdjlp, vr(a i )V r 6 i l P ) 

3 i 

and || 7r(a i )V A 6jlp|| = ||£|| 2 and likewise for 77. It follows that (p v ^ is defined 
for £,r) G L 2 (M,ep) in such a way that Hy^.gll — IMWI^Ih- Now take a net of 
unit vectors (£ n ) in L 2 (M, ep) satisfying the condition H] in Theorem 12. 11 and let 
{p = Lim.<p£ n £ n be the state on (M, eg). Then, one has 

V? o Ad(u) = Lim<^Ad(«)(£„),Ad(«)(£„) = Lim^ n>6 , = 9? 
for all u G U(N) and 

(p(x) = Lim(x£ n ,£ n ) L2{N;ep) = t(x) 

for all x G M. This proves that AT <m Q. □ 

2.3. Intertwining subalgebras inside Hi factors. We extract from |Po3[ 
IPo4j some results which are needed later. The following are Theorem A.l in 
|Po3] and its corollary (also, a particular case of 2.1 in |Po4] ) . 

Theorem 2.5. Let N be a finite von Neumann algebra and P,Q G N be von 
Neumann subalgebras. Then, the following are equivalent. 

(1) There exists a non-zero projection e G (N, eg) with Tr(e) < 00 such that 
the ultraweakly closed convex hull of {w*ew : w G U(P)} does not contain 
0. 

(2) There exist non-zero projections p G P and q G Q, a normal *-homomorphism 
9 : pPp — > qQq and a non-zero partial isometry v G iV such that 

\/x G pPp xv = v6(x) 

and v*v G 6(pPp)' fl qNq, vv* G p(P' fl N)p. 

Definition 2.6. Let P, Q C A^ be finite von Neumann algebras. Following 
|Po4] . we say that P embeds into Q inside N, and write P Q, if any of the 
conditions in Theorem 12.51 holds. 

Let be a r-preserving u.c.p. map on N. Then, extends to a contraction 
on L 2 (N) by T$(x) = <p(x). Suppose that 0|g — idg. Then, automatically 
satisfies 4>(axb) = a(j)(x)b for any a,b G Q and x G N. It follows that G 
M(L 2 (N)) commutes with the right action of Q, i.e., G (iV, eg). We say is 
compact over Q if T$ belongs to the "compact ideal" of (N, eg) (see Section 1.3.2 
in |Po3] ) . If is compact over Q, then for any e > 0, the spectral projection 
e = X[e,i](T^T^) G (N, eg) has finite Tr(e) and 

(w*ewl,l) L2{N) > (T^w,w) L2(N) -e = \\<p{w)\\ 2 2 - e 
for all w G U(P). These observations imply the following corollary |Po3j . 
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Corollary 2.7. Let P,Q C N be finite von Neumann algebras. Suppose that (j) 
is a r-preserving u.c.p. map on N such that <J)\q = idg and <fi is compact over 
Q. I/inf{||0(io)|| 2 : w £ U{P)} > 0, then P^ N Q. 

Finally, recall that A.l in [Po3] shows the following: 

Lemma 2.8. Let A and B be maximal abelian * -subalgebras of a type \l\-factor 
N such that Nn{A)" ,Nn(B)" are factors (i.e. A,B are semiregular \Q]\). If 
A B, then there exists u £ U(N) such that uAu* = B. 

2.4. The complete metric approximation property. Let T be a discrete 
group. For a function / on T, we write rrif for the multiplier on Cr C L(Y) 
defined by Trif(g) = fg for g £ CY. We simply write ||/|| c b f° r Il m /||cb and call 
it the Herz-Schur norm. If ||/|| c b is finite and /(l) = 1, then rrif extends to a 
r-preserving normal unital map on L(Y). We refer the reader to sections 5 and 
6 in [Pi] for an account of Herz-Schur multipliers. 




Definition 2.9. A discrete group T is weakly amenable if there exist a con- 
stant C > 1 and a net (/„) of finitely supported functions on T such that 
limsup H/nllcb < C an d fn —> 1 pointwise. The Cowling- Haagerup constant 
A c b(r) of T is defined as the infimum of the constant C for which a net (/„,) as 
above exists. 

We say a von Neumann algebra M has the (weak*) completely bounded ap- 
proximation property if there exist a constant C > 1 and a net (<f) n ) of normal 
finite-rank maps on M such that limsup ||0„|| c b < C and ||sc — ^(a;)!^ — > for 
every x £ M. The Cowling-Haagerup constant A c b(M) of M is defined as the 
infimum of the constant C for which a net (0 n ) as above exists. Also, we say 
that M has the (weak*) complete metric approximation property (cm. a. p.) if 



By routine perturbation arguments, one may arrange </> n 's in the above defini- 
tion to be unital and trace-preserving when M is finite. We are interested here 
in the case A c b(M) = 1, i.e. when M has the complete metric approximation 
property. We summarize below some known results in this direction. For part 
(7), recall that an action of a group T on a finite von Neumann algebra P is 
profinite if there exists an increasing sequence of T-invariant finite dimensional 
von Neumann subalgebras P n C P that generate P. Note that this implies P is 
AFD. If P = L°°(X) is abelian and T r\ P comes from a measure preserving ac- 
tion r rx X, then the profiniteness of T r> P amounts to existence of a sequence 
of T-invariant finite partitions of X that generate the cx-algebra of measurable 
subsets of X. 

Theorem 2.10. (1) A cb (L(r)) = A cb (r) for any V. 

(2) IfY is a discrete subgroup o/SO(l,n) or o/SU(l,n) ; then A c b(r) = 1. 

(3) IfY acts properly on a finite- dimensional CAT(O) cubical complex, then 



A cb (r) = i. 

(4) IfA ch (Yi) = \for% = 1,2, then A ch (Y 1 x Y 2 ) = 1 and A cb (Y, * Y 2 ) = 1. 




A cb (M) = 1. 
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(5) If N G M are finite von Neumann algebras, then A c b(iV) < A c b(M). 
Moreover, if N, M are factors and [M : N) < oo, then A cb (M) = A ch (N) 
and A cb (M*) = A cb (M) ; Vt > 0. 

(6) Let M be a finite von Neumann algebra and (M n ) be an increasing net 
of von Neumann subalgebras of M such that M = ({jM n )' f . Then, 
A cb (M) = su P A cb (M n ). 

(7) If P is a finite von Neumann algebra and V r\ P is a profinite action, 
then A cb (P x T) = A cb (r). 

The assertions (1), (2), (3) and (4) are respectively due to [CHj . |dCH[ IUH] , 
|GH] and |RXj . The rest are trivial. We will see in Corollary 13.31 that property 
(7) generalizes to compact actions of groups T, and even to actions of T that are 
"weakly compact" , in the sense of Definition 13 . 11 

We prove in this paper a general property about normal amenable subgroups 
of groups with A cb -constant equal to 1. While this property is a consequence of 
Theorem 13.51 (via © -v=> (ED in Proposition I3.2p . we give here a direct proof in 
group-theoretic framework. To this end, note that if A < T is a normal subgroup 
then the semi-direct product group A x T acts on A by (a,g)b = agbg' 1 , for 
(a, g) G A x T and b G A. 

Proposition 2.11. Suppose that T has an infinite normal amenable subgroup 
A< T and that A cb (T) = 1. Then there exists a A x V -invariant mean on £°°(A) 
(i.e., T is co-amenable in A x T). In particular, T is inner- amenable. (See 
Section^ for the definition of inner- amenability.) 

Proof. Let f n be a net of finitely supported functions such that sup ||/ n ||cb = 1 
and f n — > 1 pointwise. By the Bozejko-Fendler theorem (Theorem 6.4 in [Pi]), 
there are Hilbert space vectors £ n (&) and i] n (b) of norm at most one such that 
fn^ab^ 1 ) = (rj n (b) , £ n (a)) for all a,b G T. Then, for every g G T, one has 

limsup Un(ga) - £ n (a)\\ 2 < limsup 2(\\£, n (ga) - 77„(a)|| 2 + \\i] n (a) - £„,(a)|| 2 ) 
n aer n agr 

< lim2(2 - 2®fM + 2 - 2K/ n (l)) = 0, 

n 

and similarly lim n sup 6gr \\r] n (gb) — r] n (b)\\ = for every g G T. It follows that 

Um||/ n -/»|| cb = 

n 

for every g G T, where f% G Cr is defined by /^(a) = fnigcg -1 )- Now since A<T 
is amenable, the trivial representation tq : C* ed (A) — > C is continuous. We define 
a linear functional u) n on C* ed (A) by u n = r o m/ n |c* (A)- Since f n is finitely 
supported, uj n is ultraweakly continuous on £(A). We note that lima; n (A(a)) = 1 
for all a G A and 

lim \\u n -uj n o Ad(g)\\ < lim \\f n - /^|| cb = 

n n 

for all g G T. Since ||o; n || < 1 and limu; n (l) = 1, we have lim \\u n — \u n \ \\ = 0. We 
view \u n \ as an element in L l {L{A)) (which is L l (A) if A is abelian) and consider 
C„ = \uj n \ l/2 G L 2 (L(A)) = £ 2 (A). Then, the net (£„) satisfies lim n (A(a)C„, ( n ) = 
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1 for all a E A and lim„ ||C« - Ad(g)(( n )\\ 2 = for all g E T by (iOl . Therefore, 
the state w on £°°(A) C B(£ 2 (A)) defined by 

u(x) = Lim(xC„,Cn) = Lim V ]x(a)( n (a) 2 

n n < ' 

aeA 

is A xi T-invariant. Since A is infinite, the A-invariant mean uj is singular, i.e, 
( n — > weakly. This implies inner- amenability of T. □ 

Recall that the wreath product A I V of A by T is defined as the semi-direct 
product (0 r A) x T of r A by the shift action T rv r A. 

Corollary 2.12. If A ^ {1} and T is non- amenable then A c b(A I T) > 1, i.e. 
L(A I T) does not have the complete metric approximation property. 

Proof. Suppose that A cb (A I V) = 1. Passing to a subgroup if necessary, we may 
assume that A is cyclic (amenable). We observe that the stabilizing subgroup 
{g E T : o~ g (a) = a} of any non-neutral element a E r A is finite. It follows that 
there is a T-equivariant u.c.p. map from £°°(T) into ^°°((® r A) \ {1}). It follows 
that there is no r-invariant mean on (® r A) \ {1} since T is non-amenable. 
Hence, any T- invariant mean on ® r A has to be concentrated on {1}. Such 
mean cannot be (© r A)-invariant. □ 

Remark 2.13. Let T = (Z/2Z) I F 2 . Since A cb is multiplicative ([CH]) and 
satisfies A cb (T) > 1 (by 2.11 above), the direct product @T of infinitely many 
copies of T is not weakly amenable, i.e. A cb (@r) = oo. It is plausible that 
r itself is not weakly amenable. De Cornulier-Stalder-Valette ([CSV]) recently 
proved the surprising result that, despite satisfying A cb (r) > 1, the group T (and 
hence ® T) has Haagerup's compact approximation property |HalJ. Taken to- 
gether, these results falsify one implication of the so-called Cowling's conjecture, 
which asserts that Haagerup's compact approximation property for a group T is 
equivalent to the condition A cb (r) = 1. But there are still no known examples of 
groups T which satisfy A cb (r) = 1 but fail Haagerup's compact approximation 
property. 

3. Weakly compact actions 

We introduce in this section a new property for group actions, weaker than 
compactness (thus weaker than profiniteness as well) and closely related to the 
complete metric approximation property of the corresponding crossed product 
algebras. The main result of this section will show that if a Hi factor M has the 
c.m.a.p. then given any maximal abelian subalgebra A of M the action on A of 
its normalizer, Mm {A), is weakly compact. Also, if a group V satisfies A(r) = 1 
and r rx X is weakly compact, then M = L°°(X) x T has c.m.a.p. 

Definition 3.1. Let a be an action of a group T on a finite von Neumann 
algebra P. Recall that a is called compact if a{T) C Aut(P) is pre-compact 
in the point-ultraweak topology. We call the action a weakly compact if there 
exists a net (r] n ) of unit vectors in L 2 (P ® P) + such that 
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(1) \\r] n — (v g) v )?7„ || 2 — > for every t> G U(P). 

(2) ||?7 n - ((7 g ® CT 9 )(?7 n )||2 -> for every g eT. 

(3) ((x (g) l)r/ n , ?7„) = r(x) = (?7 n , (1 ® x)r) n ) for every x G P and every n. 
Here, we consider the action a on P as the corresponding unitary representation 
on L 2 (P). By the proof of Proposition 13.21 the condition (3) can be replaced 
with a formally weaker condition 

(3') ((x <S> l)r) n ,r) n ) — > r(x) for every x E P. 

Weak compactness is manifestly weaker than profiniteness, which is why in an 
initial version of this paper we called it weak profiniteness. We are very grateful 
to Adrian Ioana, who pointed out to us that the condition is even weaker than 
compactness (cf. (ED =>• (ED below) and suggested a change in terminology. 

Proposition 3.2. Let a be an action of a group T on a finite von Neumann 
algebra P and consider the following conditions. 

(1) The action a is profinite. 

(2) The action a is compact and the von Neumann algebra P is AFD. 

(3) The action a is weakly compact. 

(4) There exists a state (p on M(L 2 (P)) such that tp\p = r and if o Adu = (p 
for allu eU{P)Ua{T). 

(5) The von Neumann algebra L(T) is co-amenable in P x T . 

Then, one has (0) (0) (0) & @ <£> ©■ 

(Note that, by a result of H0egh-Krohn-Landstad-St0rmer QHLSj ), if in the 
above statement we restrict our attention to ergodic actions T rv P, then the 
condition that P is AFD in part (2) follows automatically from the assumption 
r rx P compact. We observe that weak compactness also implies that P is AFD 
by Connes's theorem ( |Co2j ).) 

Proof. We have ([ID ^ ©, by the definitions. We prove ([2]) =^ flU- Since P is 
AFD, there is a net $ n of normal u.c.p. maps from M(L 2 (P)) into P such that 
t ° ($n|p) = T and ||a — $ n (a)|| 2 — > for all a G P. Let G be the SOT-closure 
of cr(T) in the unitary group on L 2 (P). By assumption, G is a compact group 
and has a normalized Haar measure m. We define a state ip n on ~B(L 2 (P)) by 



It is clear that ip n is Ad(T)-invariant and ip n \p = r. We will prove that the net 
ip n is approximately P-central. Let $ n (^) = V*ir(x)V be a Stinespring dilation. 
Then, for x G M(L 2 (P)) and a G P, one has 




$ n (xa) - $ n (x)$ n (a)|| 2 = \\V*ir(x)(l - VV*)n(a)Vl\\ L 2 [P) 

< ||x||||(l-W*) 1/2 7r(a)yT|U 2(P) 
= ||x||r($ n (o*o) - $„(a*)$„(a)) 1/2 



< 2||x||||a|| 1/2 ||a- $ n (a)||i 
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It follows that for every x G B(L 2 (P)) and a G P, one has 

\tp n (xa) - (p n (ax)\ < 4||x||||a|| 1/2 sup \\gag~ l - ^ n {gag~ l )\\ X J 2 , 

which converge to zero since {gag^ 1 : g G G} is compact in L 2 (P) and $ n 's are 
contractive on L 2 (P). Hence (p n is approximately P-central and <p = Lim n <yj n 
satisfies the requirement. 

We prove (j3J) (J4j) . Take a net r\ n satisfying the conditions (1), (2) and 
(3') of Definition 13. 11 We define a state ip on B(L 2 (P)) by (p = Lim n (p n with 
fn{ x ) = ({% ® l)r) n ,r) n ). Then, for any u G U(P) U cr(T), one has 

(p(u*xu) = Lim((x ® l)(u (g) (w <8> w)?7n) = V 9 ( a; ) 

by the conditions (1) and (2) of Definition 13 . 11 That ip\p = r follows from (3'). 
Conversely, suppose now that ip is given. We recall that B(L 2 (P)) is canonically 
identified with the dual Banach space of the space Si(L 2 (P)) of trace class 
operators. Take a net of positive elements T n G Si(L 2 (P)) with Tr(T n ) = 1 such 
that Tr(T n x) -> <p(x) for every x G B(L 2 (P)). Let b n G L 1 (P)+ be such that 
Tr(T n a) = r(b n a) for a G P. Since Tr(T n a) — > <p(a) = r(a) for a G P, the net (6 n ) 
converges to 1 weakly in L X (P). Thus, by the Hahn-Banach separation theorem, 
one may assume, by passing to a convex combinations, that ||6 n — l||i — > 0. By 
a routine perturbation argument, we may assume further that b n — 1. For the 
reader's convenience we give an argument for this. Let h(t) = max{l,t} and 
k(t) = max{l — t, 0} be functions on [0, oo), and let c n = /i(6 n ) _1 . We note that 
< c n < 1 and b n c n + k(b n ) = 1. We define T^= ci^T^J 2 + k(b n ) 1 / 2 P k(b n ) 1 / 2 1 
where Pq is the orthogonal projection onto CI. Then, one has 

\\T n -T' n \\i< 2||TV 2 - c]l 2 TU 2 \\ 2 + \\k{b n )\\ x 

= 2r{b n {l-c)! 2 ) 2 yi 2 +\\k{b n )\\ l 

<2r(6 n (l-c n )) 1/2 + ||A;(6 n )lli 

< 2||6 n -l||; /2 + ||l-6 n || a ->0. 

Hence, by replacing T n with T' w we may assume that Tr(T n a) = r(a) for a G P. 
Since for every x G B(L 2 (P)) and u G W(P) U cr(r), one has 

Tr((T n - Ad(u)T n )x) -> ^(ar) - ^(Ad(w*)(x)) = 0, 

by applying the Hahn-Banach separation theorem again, one may furthermore 
assume that \\T n - Ad(u)(T n )\\ Sl -> for every u G W(P) Ucr(r). Then by fl21|) . 
the Hilbert- Schmidt operators T^ 2 satisfy ||T^ 2 — Ad(w)(Ti^ 2 ) || S2 — > for every 
u G W(P) U er(r). Now, if we use the standard identification between S 2 (L 2 (P)) 
and L 2 (P ® P) given by 

S 2 (L 2 (P)) 3 J2( -,Vk)Sk - ® % e ^(i 3 ® P) 

and view T^ 2 as an element ( n G L 2 (P (g) P), then we have ((a (g l)Cn, Cn) = 
r(a) = (Cn, (1 ® a)Cn> and ||C„ - (u <8> u)CJ| 2 -> for every u G W(P) U a{Y). 
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Therefore, the net of 7] n = (CnC) 1//2 e L 2 (P '<g> P) + verifies the conditions of weak 
compactness. 

Finally, we prove (J4j) <^ (J5j) . We consider P x T as the von Neumann sub- 
algebra of B(L 2 (P) ® i 2 (T)) generated by P ® CI and (a ® A)(r). This gives 
an identification between L 2 (P x T) and L 2 (P) <g> £ 2 (T). Moreover, the basic 
construction (P x r,ex(r)) becomes B(L 2 (P)) (g) L(T), since it is the commu- 
tant of the right L(r)-action (which is given by (1 <8> p)(T)). Now suppose that 
(p is given as in the condition (j3j). Then, (p = tp ® r on B(L 2 (P) ® ^ 2 (T)) is 
Ad(W(P (§) CI) U (a ® A)(r))-invariant and v5|p>«r = t- This implies that I/(r) 
is co-amenable in P x T. Conversely, if <p is a (P x T)-central state such that 
^|pxir = 7", then the restriction ip of <p to B(L 2 (P)) satisfies the condition pi) . □ 

Note that by part (7) in Theorem 12.101 if A(r) = 1 and r rx P is a profinite 
action then A(P x T) = 1. More generally we have the following. (Compare this 
with [Jolj .) 

Corollary 3.3. Le£ T fre weakly amenable and T rx P be a weakly compact 
action on an AFD von Neumann algebra. Then, P x V has the completely 
bounded approximation property and A c b(P x V) = A c b(r). 

Proof. By Proposition I3.2[ L(T) is co-amenable in P x T. Hence, Theorem 4.9 
of [XD] implies that A cb (P x T) = A cb (L(T)) = A ch (T). □ 

Proposition 3.4. Let P C M be an inclusion of finite von Neumann algebras 
such that P' H M C P. Assume the normalizer Mm{P) contains a subgroup Q 
such that its action on P is weakly compact and (P U Q)" = Mm{P)" ■ Then the 
action of A/m(P) on P is weakly compact. Moreover, if A/m(P) rx P is weakly 
compact and p G V(P) then M P M P {pPp) rx pPp is weakly compact. 

Proof. We may clearly assume Nm(P)" = M. Denote by o the action of A/m(P) 
on P. If u G Nm(P), then by the conditions P' H M = Z(P) and (P U Q)" = M 
it follows that there exists a partition {pi}i C Z(P) and unitary elements v $ G P 
such that it = EjPjfjWj for some t> » G (see e.g. [D]). Then a v (x) = vxv* = 
HiPi(T ViUi (x) . Let now r\ n G L 2 (P <g> P) + satisfy the conditions in Definition 3.1 
for the action o\g. By 3.1.(1) we have ||£j(pi <8> Pi)f] n — r] n \\ 2 — > 0, and thus 
\\(pi ®Pj)Tj n \\2 —* 0, Vz 7^ j. Since g« = a u *(j>i) are mutually orthogonal as well, 
this also implies that for % ^ j we have 

)(Vn)h 

= WviUi ® Vv jUj )((qi ® ?i)?7n)||2 = ® ?i)?7n||2 -> 
Also, since Wi = u\V{U{ G U(P), we have ||cr^ (Sxx«,J(^n) — TjnWz —> 0. Combining 
with the condition 3.1.(2) on the action Q rx P, one gets \\(j>i <S>Pi)(r] n — (cr vm ® 
^iwj^n))!^ 0. By Pythagora's theorem, all this entails 

\\Vn ~ {<J V ® v v )(r] n )\\l = Ei,j\\(pi ® Pj)r) n - (Pi®Pj)(o- v <g> d- v )(rj n )\\l 
= EijWfa ®Pj)Vn ~ (Pi®Pj)(o- ViUi ® v VjUj )(ri n )\\ 2 2 -> 0, 
showing that Nm(P) rx P satisfies 3.1.(2), thus being weakly compact. 
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To see that weak compactness behaves well to reduction by projections, note 
that any v G J\f P Mp(pPp) extends to a unitary in Am(P). Thus, if if satisfies the 
condition 13.21 (HI) for Af M (P) rx P then ip p = <p(p ■ p) clearly satisfies the same 
condition for Af p M P (pPp) ^ pPp. □ 

The above result shows in particular that if a measure preserving action 
of a countable group T on a probability space (X, /i) is weakly compact (i.e., 
T rv L°°(X) weakly compact), then the action of its associated full group [r], 
as defined in [D], is weakly compact. Thus, weak compactness is an orbit equiv- 
alence invariant for group actions, unlike profiniteness and compactness which 
are of course not. In fact, by the last part of Proposition 13.41 it follows that weak 
compactness is a stably orbit equivalence (or measure equivalence) invariant as 
well. 

An embedding of finite von Neumann algebras FcMis called weakly compact 
if the action A/"m(P) r\ P is weakly compact. The next result shows that the 
complete metric approximation property of a factor M imposes the weak com- 
pactness of all embeddings into M of AFD (in particular abelian) von Neumann 
algebras. 

Theorem 3.5. Let M be a finite von Neumann algebra with the cm. a. p., i.e. 
A c b(M) = 1. Then any embedding of an AFD von Neumann algebra P C M is 
weakly compact, i.e., A/m(P) rx P is weakly compact, VP C M AFD subalgebra. 

For the proof, we need the following consequence of Connes's Theorem |Co2j . 
This is well-known, but we include a proof for the reader's convenience. 

Lemma 3.6. Let M be a finite von Neumann algebra, P C M be an AFD 
von Neumann subalgebra and u G Mm{P)- Then, the von Neumann algebra Q 
generated by P and u is AFD. 

Proof. Since P is injective, the r-preserving conditional expectation Ep from 
M onto P extends to a u.c.p. map Ep from B(L 2 (M)) onto P. We note that 
Ep is a conditional expectation: Ep(axb) = aEp(x)b for every a,b G P and 
x G B(L 2 (M)). We define a state a on B(L 2 (M)) by 

j n— 1 

a(x) = Lim- T(E P (u k xu~ k )). 

k=0 

It is not hard to check that o\m = t, a o Adu = a and o o Adt> = a for every 
v G U{P). It follows that o is a Q-central state with o\q = r. By Connes's 
theorem, this implies that Q is AFD. □ 

Proof of Theorem \3.5[ First we note the following general fact: Let u be a state 
on a C*-algebra iV and u G U(N). We define w u (x) = oj(xu*) for x G N. Then, 
one has 

(3.1) max-fllw-Wttll, \\u - u o Ad(u)||} < 2y/2\l - u{u)\. 

Indeed, one has — m*^]] 2 = 2(1 — 3tu)(u)) < 2|1 — w(u)\, where £ w is the 
GNS- vector for u. 
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Let (cj) n ) be a net of normal finite rank maps on M such that lim sup ||0 n ||cb < 1 
and \\x — (f) n (x)\\ 2 — > for all x G M. We observe that the net (r o <fi n ) converges 
to r weakly in M*. Hence by the Hahn-Banach separation theorem, one may 
assume, by passing to convex combinations, that \\r — r o <fi n \\ — > 0. Let /i be the 
♦-representation of the algebraic tensor product M®Mon L 2 (M) defined by 

k k 

We define a linear functional fi n on M <S> M by 

k k k 

Since n is normal and of finite rank, fi n extends to a normal linear functional 
on M (8> M, which is still denoted by \x n . For an AFD von Neumann subalgebra 
Q C M, we denote by fj,® the restriction of /j n to Q (E) Q. Since Q is AFD, the 
♦-representation /x is continuous with respect to the spatial tensor norm on Q®Q 
and hence < ||0 n ||cb- We denote oj® = \\fJ$\\~ 1 \fJ'n\- Since lim sup \\]J$\\ < 1 
and lim/i^(l <8> 1) = 1, the inequality (13. ip . applied to u®, implies that 

(3.2) lim sup ||//^ -uj%\\ = 0. 

n 

Now, consider the case Q = P. Since /i^(t> ® v) = T(<p n (v)v*) — > 1 for any 
u G U(P), one has 

(3.3) lim sup ||arf - (^)^|| = 

n 

by (13.1 p and (13. 2p . Now, let w G Af(P) and consider the case Q = (P,u), which 
is AFD by Lemma [XB Since fi^' u \u ® u) — r(<j) n (u)u*) — > 1, one has 

(3.4) lim sup \\^' u) - > u) o Ad(w <g> w) || = 

n 

by (13.11) and (13.21) . But since (fiif' u ^ o Ad(u <8> u))| P ^p = /i^oAd(ti®t(), one has 

(3.5) lim sup Hcu^ — ° Ad(u (g) u) || =0 

n 

by (13.21) and (13 .41) . Now, we view u£ as an ( n element in L 1 (P ® P) + and let 

1 /2 ______ 

= Cn • By (12.11) . the net rj n satisfies all the required conditions. □ 

4. Main Results 

We prove in this section the main results of the paper. They will all follow 
from the following stronger version of the Theorem stated in the introduction: 

Theorem 4.1. Let T = ¥ r m x • • • x ¥ r n^ be a direct product of finitely many free 
groups of rank 2 < r(j) < oo and denote by Tj the kernel of the projection from T 
onto ¥ r Q) . Let M = Qy\T be the crossed product of a finite von Neumann algebra 
Q by T (action need not be ergodic nor free). Let P C M be such that P Q- 
Let Q C Nm(P) be a subgroup which acts weakly compactly on P by conjugation, 
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and denote N = Q" . Then there exist projections pi, . . . ,pk G Z(N' D M) with 
Ylj=i Pj = 1 such that Npj <m Q x Tj for every j . 

^From the above result, we will easily deduce several (in)decomposability prop- 
erties for certain factors constructed out of free groups and their profinite ac- 
tions. Note that Corollaries 14.21 and 14.31 below are just Corollaries 1 and 2 in the 
introduction, while Corollary 14.51 is a generalization of Corollary 3 therein. 

Corollary 4.2. If P C L(¥ r Y is a diffuse AFD von Neumann subalgebra of 
the amplification by some t > of a free group factor L(F r ),2 < r < oo ; then 
M L[¥r) {P)" is AFD. 

Note that the above corollary generalizes the in-decomposability results for 
free group factors in |Oz2j and |Voj . Indeed, Voiculescu's celebrated result in 
[VoJ, showing that the normalizer of any amenable diffuse subalgebra P C L(¥ r ) 
cannot generate all L(¥ r ), follows from 14.21 because L(¥ r ) is non-AFD by |MvNj . 
Also, since any unitary element commuting with a subalgebra P C N lies in the 
normalizer of P, 14.21 shows in particular that the commutant of any diffuse AFD 
subalgebra P C N = L(¥ r ) is amenable, i.e. L(¥ r ) is solid in the sense of |Oz2j . 
which amounts to the free group case of a result in |Oz2j . Note however that the 
in-decomposability results in |Voj and |Oz2j cover much larger classes of factors, 
e.g. all free products of diffuse von Neumann algebras in [Voj (for absence of 
Cartan subalgebras) and all Hi factors arising from word-hyperbolic groups in 
[Oi2j (for solidity). 

Calling strongly solid (or s-solid) the factors satisfying the property that the 
normalizer of any diffuse amenable subalgebra generates an amenable von Neu- 
mann algebra, one can at this point speculate that any cm. a. p. s-solid factor 
may in fact follow isomorphic to an amplification of a free group factor (i.e., to 
an interpolated free group factor |Dy| , [Raj ). 

Corollary 4.3. If Q is a type \\\-factor with cm. a. p., then Q®L(¥ r ) does not 
have Cartan subalgebras. Moreover, if M C Q <8> L(¥ r ) is a subf actor of finite 
index, then M does not have Cartan subalgebras either. 

This corollary shows in particular that if Q is an arbitrary subfactor of a 
tensor product of free group factors, then Q (g) L(¥ r ) (or any of its finite index 
subfactors) has no Cartan subalgebras. When applied to Q = R, this shows that 
the subfactor M C R® L(¥ r ) with M rfi. M op constructed in [Col] , as the fixed 
point algebra of an appropriate free action of a finite group on R®L{¥ r ) (which 
thus has finite index in R ® L(F r )), does not have Cartan subalgebras. 

Another class of factors without Cartan subalgebras is provided by part (2) 
of the next corollary. 

Corollary 4.4. Let V = ¥ r ^ x ■ ■ • x F r (^, as in \4-l\ and V r\ X an ergodic 
probability-measure-preserving action. Then M = L°°(X) x T is a II\ factor and 
for each t > we have: 

(1) Assume M l has a maximal abelian * -subalgebra A such that jVj^t(A) rv A 
is weakly compact and N = Af^^A)" is a subfactor of finite index in M l . 



FACTORS WITH AT MOST ONE CARTAN SUBALGEBRA 



19 



Then T rx X is necessarily a free action, L°°(X) is Cartan in M and 
there exists a unitary element u G M l such that uAu* = L°°(Jf)*. 

(2) Assume T rx X is profinite (or merely compact). Then M has a Cartan 
subalgebra if and only ifTrxX is free. 

(3) Assume Y = ¥ r . If M l has a weakly compact maximal abelian * -subalgebra 
A whose normalizer generates a von Neumann algebra without amenable 
direct summand. Then T rx X follows free and A is unitary conjugate 

toL°°(xy. 

Note that one can view part (1) of the above corollary as a strong rigidity 
result, in the spirit of results in ( [Po3] . [Po4j . [IPPJ). Indeed, by taking A = 
L°°(Y) to be Cartan in M*, it follows that any isomorphism between group 
measure space Hi factors 6 : (L°°(X) x T)* ~ L°°(Y) x A, with the "source" T 
a direct product of finitely many free groups and the "target" A arbitrary but 
the action A rxY weakly compact (e.g. profinite, or compact), is implemented 
by a stable orbit equivalence of the free ergodic actions r rx X, A rx Y, up to 
perturbation by an inner automorphism and by an automorphism coming from 
a 1-cocycle of the target action. 



Corollary 4.5. Let T = F r (i) x • ■ ■ x F r ( fe ) (as in \4-l\\4^\ ) and T rx X a free 



ergodic profinite (or merely compact) action. Then, is the unique Cartan 

subalgebra of the Il\-f actor L°°(X) x T, up to unitary conjugacy. Moreover, if 
TV denotes the class of all II\ factors that can be embedded as subfactors of 
finite index in some L°°(X) x T, with T rx X free ergodic compact action and 
T as above, then any M G TV has unique Cartan subalgebra, up to unitary 
conjugacy. The class TV is closed to amplifications, tensor product and finite 
index extension /restriction. Also, if M G TV and N C M is an irreducible 
subf actor of finite index, then [M : N] is an integer. 

The above corollary implies that any isomorphism between factors M G TV 
comes from an isomorphism of the orbit equivalence relations TZm associated 
with their unique Cartan decomposition. Hence, like in the case of the class TiT 
of factors in |Po3] . invariants of equivalence relations, such as Gaboriau's cost 
and L 2 -Betti numbers ( |Gaj ). are isomorphism invariants of Hi factors in TV. 
Note that all factors in the class TV have A c b-constant equal to 1 by Theorem 
12.101 and have Haagerup's compact approximation property by |Halj . 

The sub-class of \li factors L°°(X) x F r G TV, arising from free ergodic 
profinite probability- measure-preserving actions of free groups F r rx X, is of 
particular interest, as they are inductive limits of (amplifications of) free group 
factors. We call such a factor L°°(X) x F r an approximate free group factor of 
rank r. By Corollary 14.51 more than being in the class TT , such a factor has 
the property that any maximal abelian *-subalgebra with normalizer generating 
a von Neumann algebra with no amenable summand is unitary conjugate to 
L°°(X). When combined with [Gaj . we see that approximate free group factors 
of different rank are not isomorphic and that for r < oo they have trivial fun- 
damental group. Also, they are prime by [Oz3j . in fact by 14.11 the normalizer 
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(in particular the commutant) of any AFD Hi subalgebra of such a factor must 
generate an AFD von Neumann algebra. We will construct uncountably many 
approximate free group factors in Section [5] and comment more on this class in 
Remark 15.61 

For the proof of Theorem I4.1[ recall from |Po2t IPo5j the construction of 1- 
parameter automorphisms a t ("malleable deformation") of L(¥ T * ¥ r ). Let F r 
be a copy of F r and ax,a 2 , ■ ■ ■ (resp. bi, b 2 , . . .) be the standard generators of F r 
(resp. F r ) viewed as unitary elements in L(¥ r * F r ). Let h s = (tc^/— l)" 1 log b s , 
where log is the principal branch of the complex logarithm so that h s is a self- 
adjoint element with spectrum contained in [—1,1]. For simplicity, we write 
b l s (s = 1,2,... and t G R) for the unitary element exp(t7T\/— lh s ). The *- 
automorphism a t is defined by a t (a s ) = b l s a s and a t {b s ) = b s . 

In this paper, we adapt this construction to T = ¥ r ^ x • ■ ■ x F r ( fe ) acting on 
Q and M = Q x T. We extend the action r r\ Q to that of 

f = (F r( i) * F r(1) ) x ■ ■ • x (F r(fc ) * F r(fe) ), 

where F r (j)'s act trivially on Q. We denote by a 3i i, 0^2, • • • (resp. bj t i, 6^2, . . .) the 
standard generators of ¥ r (j) (resp. F r (j)) We redefine the *-homomorphism 

a t :M->M = Qxf 

by a t (x) = x for x G Q and at(a,j )S ) = b^ s aj tS for each 1 < j < k and s. (We can 

define a t on M, but we do not need it.) 
Let 

\ 1 f 1 / / — , n sin(t7r) 
7(*) = r(bl s ) = -J_ exv(t-Kv^lh) dh = = j(-t) 

and 4>j n (t)'- L(¥ r (j)) — > L(¥ r ^) be the Haagerup multiplier ( [Halj ) associated 
with the positive type function g 1— > 7(t)' 9 ' on ¥ r (j\. We may extend 

7 (i) = 01, 7 (t) ® ■ ■ • ® <j>k,-y(t) 

to M by defining 7 ( t )(xA(g)) = x(f>^^)(\(g)) for x G Q and A(g) G £(r). We 
relate a t and 7 ( t ) as follows (cf. [Pe|). 

Lemma 4.6. One /ias i?M «t = </> 7 (t)- 

Proof. Since E M (x\(g)) = xE L ^)(X(g)) for s G Q and A(g) G £(r), one has 
Em ott{x\{g)) = xEL(r)(® t (\(g))) for x G Q and A(g) G £(r). Hence it suffices 
to show -Ex(r) «t = 7 (t) on L(T). Since all i?£(r), «t and ^» 7 ( t ) split as tensor 
products, we may assume that k = 1. Since ai, . . . , b\, . . . are mutually free, it 
is not hard to check 

(E L(¥r) o aOkt 1 • ■ ■ a^) = 7 (t)»a± 1 ■ • ■ a* 1 = ^(aj 1 • ■ ■ a* 1 ) 

for every reduced word af 1 ■ ■ ■ af 1 in F r . □ 

In particular, the u.c.p. map Em «t on M is compact over Q provided that 
r(j) < 00 for every j. In case of r(j) = 00, we need a little modification: we 
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replace the defining equation a t (aj jS ) = b^ s aj tS with a t (aj yS ) = bf s aj, s . Then, the 
u.c.p. map E M o a t is compact over Q and a t — > idjv/ as t — * 0. 

Let Tj be the kernel of the projection from T onto ^ r (j) an d Qj = Q xi Tj C M. 
We consider the basic construction (M, eQ .) of (Qj C M). Then, L 2 (M, eg.) is 
naturally an M-bimodule. 

Lemma 4.7. Lei Qj C M C M be as above. Then, L 2 (M) Q L 2 (M) is isomor- 
phic as an M-bimodule to a submodule of a multiple of ©* = i L 2 (M, eg j ). 

Proof. Let Tj be the kernel of the projection from T onto F r (j) * F r y). By 
permuting the position appropriately, we consider that x F r (j) C T and 
x F r(i) = T. Let Qj = Q x f., and M, = Q x (f,- x F r(j) ). Since 
L 2 (M) = n*=i-k 2 (^)> ^ suffices to show L 2 (M) Q L 2 (Mj) is isomorphic as 
an M-bimodule to a multiple of L 2 {M, eQ.). 
We observe that 



L 2 (M) e L 2 {M ) = \QjX(¥ r ^dW r (j^) 



where the square bracket means the L 2 -closure and the direct sum runs all over 
d G F r (j) * F r( j) whose initial and final letters in the reduced form come from 
F r (j). Let 7r j : F r y) * F r(j -) — ► F r y) be the projection sending F r y) to {1}. It is 
not difficult to see that 

xX(gdh) t— > xX(g)eQ j X(TTj(d)h) 

extends to an M-bimodule isometry from QjX(¥ r (j)d¥ r (j)) onto L 2 (M, eg.). 

□ 

We summarize the above two lemmas as follows. 

Proposition 4.8. Let Q C Qj C M be as above. Then, there are a finite von 
Neumann algebra M D M and trace-preserving *-homomorphisms at: M — > M 
such that 

(1) lim^o || ct t (a^) — x\\2 — > for every x G M; 

(2) Em ° a t is compact over Q for every t > 0; and 

(3) L 2 (M) L 2 (M) is isomorphic as an M-bimodule to a submodule of a 
multiple 0/0^ L 2 (N,e Qj ). 

We complete the proof of Theorem 14.11 in this abstract setting. 

Theorem 4.9. Let Q C Qj C M be as in Proposition ^. 8\ Let P C M be such 
that P Q. Let Q C Mm{P) be subgroup which acts weakly compactly on P by 
conjugation, and N = Q" . Then there exist projection pi, . . . ,pk G Z{N' D M) 
with Ylj=i Pj = 1 such that Npj < M Qj for every j . 

Proof. We may assume that IA(P) C Q. We use Corollary 12.31 to conclude the 
relative amenability. Let a non-zero projection p in Z{N' H M), a finite subset 
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F C Q and e > be given arbitrary. It suffices to find ( G ©?=i L 2 {N, gq 3 ) 
such that ||x^|| 2 < ||x|| 2 for all x G N, \\pCW2 > INI2/8 and || [£, «] || 2 < e for every 
u G F. 

Let 5 = ||p|| 2 /8. We choose and fix t > such that a = a t satisfies \\p — 
a (p)\\2 < 5 and \\u — a(ii) || 2 < s/6 for every u G F. We still denote by a when 
it is viewed as an isometry from L 2 (M) into L 2 (M). Let (r/ n ) be the net of unit 
vectors in L 2 (P g) P) + as in Definition 13.11 and denote 

7j n = (a ® l)(7? n ) G L 2 (M) ® L 2 (M). 

We note that 



(4.1) || (a; ® l)?7n||2 = t^^m)^))) 



2 



for every x G M. In particular, one has 

(4.2) \\[u®u,rj n ]\\ 2 < || [it ®u,r] n )\\ 2 + 2 ||w-a(«)|| 2 < e/2 

for every u £ F and large enough n G N. We denote C„ = (eju <E> l)(^n) an d 
= ^ n - £ n . Noticing that L 2 (M) ® L 2 (M) is an M ® M-bimodule, it follows 
form (13T2D that 

(4.3) ||[w®w,Cn]||l + ||[w®w,C]|l2 = \\[u®u,Vn}\\i < (^/2) 2 
for every u G F and large enough n G N. We claim that 

(4.4) Lim||(p®l)C^|| 2 >5. 

n 

Suppose this is not the case. Then, for any v G U(P), one has 
Lim||(p® l)rj n - (e M a(v)p ® v)( n \\ 2 

n 

< Lim || {p ® l)rj n - (e M a{v)p ® v)rj n \\ 2 + Lim \\{p® l)Cnh 

n n 

< Lim || (p® 1)77„ - (e A fP® l)(a(v) ® u)^||2 + || [«(«), p]|| 2 + 6 

n 

< Lim || (p ® l)Cn Ih + Lim ll^n - (a(u) ® v)rf n \\ 2 + 2 lb - «(p)lh + ^ 

n n 

< 45 

since peAf = e^p. It follows that 

\\{E M o a)(v)p|| 2 = Lim \\({E M o a)(v)p ® v)rj n \\ 

n 

> Lim || (e M ® 1)((F M o ® v)^ n || 

(4.5) 

= Lim||(e M a(w)p®w)Cn|| 

n 

> ||p|| 2 -4<5 > 

for all v G U(P). (One has \\(Em a )( u p)||2 > IMI2 — 65 as well.) Since Em o a 
is compact over Q, this implies P ^<m Q by Theorem 12.71 contradicting the 
assumption. Thus by (14.31) and (14. 4p . there exists n G N such that ( = E 
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(L 2 (M) e L 2 (M)) g> L 2 (M) satisfies \[u g> u,C]||a < e/2 for every w G F and 
||(p® l)CHa > 5- We note that for all ar G M, 

(4.6) ||(x ® 1)C||1 = ||(4 ® l)(z ® l)^ n ||l < || (x ® 1)7^||1 = ||z||£. 

By Proposition I4.8[ we may view ( as a vector (Q) in @ i L 2 (N, gq.,^) (g> L 2 [M). 

We consider £iC e ^((iV, e Qi(1) ) ® ^0 and defme 6 = ((id ® r )(0C*)) 1/2 and 
then £ = G @ i L 2 {N,eQ j{i) ). Then, the inequality (14.61) implies 

Kill = E r ( x * x ( id ® r )(C«ff)) = IK* ® 1 )CII1 < ||x||i, 

i 

and for all x G N. In particular, 

|K||2=|I(P®1)C||2>£ 

Finally, by (12.11) . one has 

11MI2 = E H6 - (Ad^)(^)iii < E n^ 2 - ( AdM )(£ 2 )iii 
<Eii^c;-Ad( U ®«)(ac;)iii<E 2 ii^ii2ii[«®«:G]ii2 

i i 
< 2||C||2||[«®M,C]||2 <^ 

for every u E F. □ 

Before proving the corollaries to Theorem 14.11 we mention one more result in 
the spirit of 14.11 Its proof is similar to the above, but requires more involved 
technique from [IPP]. 

Theorem 4.10. Let M = Mi * M 2 be the free product of finite von Neumann 
algebras and P C M be a von Neumann subalgebra such that P Mi for 
z = l,2. If the action of Q C A/yv(P) on P is weakly compact, then Q" is AFD. 

Proof. We follow the proof of Theorem 14.11 but use instead the deformation a t 
given in Lemma 2.2.2 in [IPP]. Let a non-zero projection p in the center of 
Z(Y' n M), a finite subset F C Q and e > be given arbitrary. Since P Mi 
for i = 1,2, one has 

liminf{||(£ M oa t )(vp)\\ 2 : v G U(P)} < (999/1000)||p|| 2 

by Proposition 3.4 and Theorem 4.3 in |IPPj . (N.B. This is because Proposition 
3.4 is the only part where the rigidity assumption in Theorem 4.3 of that paper 
is being used.) Hence, if we choose 5 > small enough and t > accordingly, 
then one obtains as in the proof of Theorem 14.11 that 

Um\\(p®l)C\\ 2 >5 

n 

for C„ = ((1 - e M ) <g> l)rj n G L 2 (M M) g> L 2 (M). Since L 2 (M M) is a 
multiple of L 2 (M®M) as an M-bimodule, one obtains ^6 L 2 (M ® M) such 
that ||x£|| 2 = HC^Ih < IMI2 for all x G M, ||p£|| 2 > <$ and || [u, £]|| 2 < £ for every 
u G F. This proves that Q" is AFD. □ 
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Proof of Corollary 4.2. This is a trivial consequence of Theorems 13.51 and 14.11 

□ 

Proof of Corollary 4-3. Suppose there is a Cartan subalgebra A C M where 
M C N = Q (§) L(¥ r ) is a subfactor of finite index. Since F r is non-amenable, 
N is not amenable relative to Q, so by Proposition 2.3, M is not amenable 
relative to Q inside N. Hence, by Theorems 13.51 and 14.11 one has A Q- By 
Theorem 2.4, this implies there exist projections p G A' fl N, q G Q, an abelian 
von Neumann subalgebra A C gQg and a non-zero partial isometry t> G iV 
such that p = £ H iV)p, g = £ n <7^<? an d w*(^Po)^ = ^o<?o- 
Since Q = L(¥ r )' H iV, by "shrinking" g if necessary we may clearly assume 
q = \f{uq u* : u G U(L(¥ r ))}. Since L(¥ r )q is contained in (A q)' fl giVg, this 
implies go has central support 1 in the von Neumann algebra (A$q)' H giVg. But 
(A q )' fl qoNqo = v*(A' fl A^)t> by spatiality and since M <Z N has finite index, 
A G A' (1 N has finite index as well (in the sense of |PP] ) so A' fl iV is type 
I, implying (A q )' fl qoNq Q type I, and thus (A g)' fl giVg type I as well. But 
L(¥ r ) ~ L(¥ r )q C (A g)' fl giVg, contradiction. □ 

For the proof of Corollary 4.4, we'll need the following general observation. 

Lemma 4.11. Let T be an ICC group and Y r% X an ergodic measure-preserving 
action. Let M = L°°(X) xT. Then M is a factor. Moreover, L°°(X) is maximal 
abelian (thus Cartan) in M if and only if there is a maximal abelian * -subalgebra 
Ac M such that A < M L°°(X). 

Proof. The first part is well known, its proof being identical to the Murray- von 
Neumann classical argument in [MvN] . showing that if a group V is ICC then 
its group von Neumann algebra £(r) is a factor. For the second part, denote 
B = L°°(X) and let A C M be maximal abelian satisfying A -<m B. Then 
there exists a non-zero partial isometry v G M, projections p G A = A' fl M, 
q G B and a unital isomorphism 9 of Ap onto a unital subalgebra B of Bq 
such that va = 9(a)v, Wa G Ap. Denoting q' = vv* G B' Q fl gMg, it follows that 
q'(B' n qMq)q' = (B q r )' fl q'Mq'. Since by spatiality B Q q' = vAv* is maximal 
abelian, this implies q'(B' r\qMq)q' = vAv*. Thus, B' nqMq has a type I direct 
summand. Since (Bq)' flgMg is a subalgebra of B' C\pMp, it follows that B'dM 
has a type I summand. Since F acts ergodically on Z(B' fl M) D B (or else M 
wouldn't be a factor), the algebra B'DMis homogeneous of type I n , for some 
n < oo. 

Note at this point that since all maximal abelian subalgebras of the type I 
summand of B' Q fl gMg containing q' are unitary conjugate (cf. [K]). we may 
assume q' is in a maximal abelian algebra containing Bq. Thus, if Z denotes 
the center of B' n M, then Zq' C q'(B' Q H qMq)q' = B q' C Bq', showing 
that Zq' = Bq'. Since B, Z are T-invariant with the corresponding T-actions 
ergodic, it follows that there exists a partition of 1 with projections of equal 
trace p\,...,p m G Z such that Z = EjSpj and Eb(p%) = rrT x \, Vi. Since 
.B' fl M = Z' fl M has an orthonormal basis over Z with n 2 unitary elements, 
this shows that B' fl M has a finite unitary orthonormal basis over B. But if 
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x G (B'nM)\B, and x = T, g a g u g is its Fourier series, with a g ^ for some g ^ e, 
then p g u g EB'fl M, where p 9 denotes the support projection of a g . Now, since 
r is ICC there exist infinitely many h n G V such that g n = hngh' 1 are distinct. 
This shows that all Gh n (Pg) u g n C B 1 C\ M are mutually orthogonal relative to B. 
By |PP] , this contradicts the finiteness of the index of B C B' n M. Thus, we 
must have B'C\M = B, showing that r rx X is free and B = L°°(X) is maximal 
abelian, hence Cartan. □ 

Proof of Corollary 4-4- The factoriality of M was shown in 14.111 above. 

To prove part (1), note that AV»(^) rx A weakly compact implies Nm{-A x ) ^ 
A 1 ^ weakly compact, where A 1 ^ C M 1 /* is the semiregular maximal abelian 
*-subalgebra obtained by amplifying A C M by 1/t. Since weak compact- 
ness behaves well to amplifications (see comments after the proof of I3.4[) . this 
shows that it is sufficient to prove the case t = 1. Let Tj be as in 14. 11 If 
N = J\f M (A)" < M L°°(X) x Tj for some j, then by [M : N] < oo it follows that 
M <m L°°(X) x Tj as well. But this implies ¥ r (j\ amenable, a contradiction. 
Thus, by Theorem 14.11 we have A ^ L°°(X) and the statement follows from 
Lemma 14.111 

Part (2) follows trivially from part (1), since r rx X compact implies M has 
cm. a. p., by 13.21 

Arguing as in the proof of (1), we see that to prove (3) it is sufficient to settle 
the case t — 1. If N < M L°°(X), then iV would follow amenable. Thus, by 14.11 
we have A ^ L°°(X) and Lemma [4.111 above applies again. □ 

The proof of Corollary 4.5 will follow readily from the next general "principle" . 

Proposition 4.12. Assume a II\ factor M has the property: 

(a) 3 A C M Cartan and any maximal abelian * -subalgebra Aq C M with 
Mm{Aq)" a subf actor of finite index in M is unitary conjugate to A. 

Then any amplification and finite index extension /restriction of M satisfies 
(a) as well. Moreover, if M satisfies (a) and N C M is an irreducible subf actor 
of finite index, then [M : N] is an integer. 

Proof. For the proof, we call an abelian von Neumann subalgebra B of a Hi 
factor P virtually Cartan if it is maximal abelian and Q = Np{B)" has finite 
dimensional center with [qPq : Qq] < oo for any atom q G Z(Q). We first prove 
that if P C iV is an inclusion of factors with finite index and B C P is virtually 
Cartan in P then any maximal abelian *-subalgebra A of B' H iV is virtually 
Cartan in N . 

To see this, note that that, by commuting squares, the index of B C B' H iV 
(in the sense of |PP] ) is majorized by [N : P] < oo, implying that B' D N 
is a direct sum of finitely many homogeneous type I ni von Neumann algebras 
Bi, with 1 < rii < < ... < Ttfc < oo. Since any two maximal abelian *- 
subalgebras of a finite type I von Neumann algebra are unitary conjugate and 
Mp{B) leaves B' D N globally invariant, it follows that given any u G Np(B), 
there exists v(u) G U{B' R N) such that v{u)uAu*v{u)* = A. Moreover, A is 
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Cartan in B' H N, i.e. N"bt\n{A)" = B' n N. This shows in particular that the 
von Neumann algebra generated by A/jv(A) contains B' (IN and v(u)u, and thus 
it contains u, i.e. N P {B) C N N (A)" . Thus, the [PP]-index of A/^A)" in AT is 
majorized by the index of P in N, and is thus finite. Since N is a factor, this 
implies Q = Mn{A)" has finite dimensional center and [qNq : Qq] < oo for any 
atom in its center, i.e. A is virtually Cartan in N. 

Now notice that since any unitary conjugacy of subalgebras A, Aq C M as in 
(a) can be "amplified" to a unitary conjugacy of A f , Aq in M*, property (a) is 
stable to amplifications. This also shows that (a) holds true for a factor M if 
and only if M satisfies: 

(6) 3 A C M Cartan and any virtually Cartan subalgebra A of M is unitary 
conjugate to A. 

Since if a subfactor N C M satisfies [M : AT] < oo then (M, ejv) is an am- 
plification of A" (see e.g. [PP]), it follows that in order to finish the proof of 
the statement it is sufficient to prove that if M satisfies (6) and iV C M is a 
subfactor with finite index, then A" satisfies (b). 

Let A C M be a Cartan subalgebra of M. Let F C iV be such that N C 
M is the basic construction of P G N (cf [Jo]). Thus P is isomorphic to an 
amplification of M and so it has a Cartan subalgebra A 2 C P. By the first part 
of the statement any maximal abelian subalgebra Ai of y4' 2 riA^ is virtually Cartan 
in N. Applying again the first part, any maximal abelian Aq of A[C\M is virtually 
Cartan in M, so it is unitary conjugate to A. Thus, Aq C M follows Cartan. 
Thus, L 2 (M) = @u n L 2 (Ao), for some partial isometries u n G M normalizing 
Aq. Since Aq is a finitely generated ^i-module, it follows that each u n L 2 (Ao) is 
finitely generated both as left and as right A\ module, i.e. there exist finitely 
many £ i; G u n L 2 (A ) such that E^Ai and £Al^ are dense in m„L 2 (A ). Thus, 
if we denote by W n the closure of the range of the projection of u n L 2 (A Q ) onto 
L 2 (N) and by T)i,rfj the projection of onto u n L 2 (y4 ), then 7i n is a Hilbert 
^x-bimodule generated as left Hilbert Ax-module by rji G L 2 (N) and as a right 
Hilbert y^-module by v(- G L 2 (N). Moreover, since V n u n L 2 (A ) = L 2 (M), we 
have V n ?i n = L 2 (N). Thus, by Section 1.4 in [Po3] . A\ is Cartan in AT. 

Note that the above argument shows that A^ has Cartan subalgebra, but also 
that any virtually Cartan subalgebra of A^ is in fact Cartan. If now B\ C A" is 
another Cartan subalgebra of N, then let Bq be a maximal abelian subalgebra 
of B[ fl M. By the first part of the proof B is virtually Cartan, so by (b) 
there exists v G U(M) such that iM f* = B . Thus, if we let v n = vu n then 
L 2 (M) = Q) n v n L 2 (A ) = Q) n L 2 (B )v n . Since A (resp. 5 ) is a finitely generated 
A\ (resp. jBj) module, there exist G v n L 2 (A ) = L 2 (B )v n such that Ti^Ai 
is dense in v n L 2 (Ao) and HjBi£j is dense in L 2 (Bo)v n . But then exactly the same 
argument as above shows that L 2 (N) is spanned by Hilbert B\ — A\ bimodules 
Tl n which are finitely generated both as right A\ Hilbert modules and as left 
Hilbert B\ modules. By Section 1.4 in [Po3j . it follows that A\,Bi are unitary 
conjugate. 
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Finally, to see that for irreducible inclusions of factors N C M satisfying 
(a) the index [M : N] is an integer, when finite, let N C Q C P C M be 
the canonical intermediate subfactors constructed in 7.1 of |Po3] . Then Q,P 
satisfy (a) as well and by 7.1 in |Po3j the Cartan subalgebra of P is maximal 
abelian and Cartan in M. Thus, as in the proof of 7.2.3° in |Po3j . we have 
[Q : N], [P : Q], [M : P] e N, implying that [M : N] E N. □ 

Proof of Corollary 4-5. Let M = L°°(X) xi T and assume A C M is a Cartan 
subalgebra. By 13.21 and 13. 3^ M follows c.m.a.p. Thus, 13.51 applies to show that 
Nm(A) rx A is weakly compact. Since F r y) are all non-amenable, M = Nm{A)" 
cannot be amenable relative to L°°(X) xi (with Tj as defined in 14. ip . Vj. 
Hence, Theorem 14.11 implies A ^<m L°°(X). Then Lemma 12.81 shows there is 
u G U(M) such that uAu* = L°°(X), proving the first part of the statement. 
The rest is a consequence of Proposition 14.121 □ 

5. Uncountably many approximate free group factors 

In this section we prove that there are uncountably many approximate free 
group factors of any rank 2 < n < oo. We do this by using a "separability 
argument," in the spirit of |Pol[ IJP[ IQzlj . The proof is independent of the 
previous sections. The result shows in particular the existence of uncountably 
many orbit inequivalent profinite actions of F n . The fact that F n has uncountably 
many orbit inequivalent actions was first shown in [GPJ. A concrete family of 
orbit inequivalent actions of ¥ n was recently obtained in |Iolj . Note that the 
actions F n rx X in |GP] and [Iol] are not orbit equivalent to profinite actions 
(because they have quotients that are free and have relative property (T) in the 
sense of |Po3j ) . 

Definition 5.1. We say a unitary representation (tt, 7i) of F has (resp. essential) 
spectral gap if there is a finite subset F of V and e > such that the self-adjoint 
operator 

^-^(tt^ + tt^- 1 )) 

has (resp. essential) spectrum contained in [—1, 1 — e]. We say such (F,e) wit- 
nesses (resp. essential) spectral gap of (71", 7~C). 

It is well-known that (tt, Ti) has spectral gap if and only if it does not contain 
approximate invariant vectors. 

Definition 5.2. Let T be a group. We say V is inner- amenable ([12]) if the 
conjugation action of Y on £ 2 (T \ {1}) does not have spectral gap. 

Let {r n } be a family of finite index (normal) subgroups of T. We say T has 
the property (r) with respect to {T n } if the unitary T-representation on 

0Ar/r„)° 

n 

has spectral gap, where £ 2 {T/T n )° = £ 2 {T/T n ) Q Cl r /r„- 
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Let / be a family of decreasing sequences 

2 =(r = ri J) >rS i) >r«>---) 

of finite index normal subgroups of T such that f]T^ = {1}. We allow the 
possibility that T$ = T^ +1 . We say the family / is admissible if T has the 
property (r) with respect to {Tm PI T^ : i,j G /, m,n G N} and 

sup{[r : rgrg 5 ] :m,neN}<oo 

for any i,j & I with i ^ j. 

Lemma 5.3. Lei T < SL(d, Z) wift d > 2 be a finite index subgroup and 

T n = rnker(SL(d,Z) -> SL(d,Z/nZ)). 

Lei I be a family of infinite subsets of prime numbers such that < oo /or 

any z, j G J wift i ^ j ■ (We note that there exists such an uncountable family 
I .) Associate each i = {p\ < p 2 < ■ ■ ■ } G / with the decreasing sequence of finite 
index normal subgroups Tn = r i(n ) where i(n) = p 1 ■ ■ -p n . Then, the family I is 
admissible. 

Proof. First, we note that T m n T n = r gcd ( m „). By the celebrated results of 
Kazhdan for d > 3 (see [BHV] ) and Selberg for d — 2 (see |Luj ) the group T has 
the property (r) with respect to the family {T n : n G N}. We observe that the 
index [T : r^M j) ] is the cardinality of T-orbits of (T/T m } ) x (r/ri j) ). Since 

i 

SL(d, Z/pi • • • p{£) = Yl SL(d, Z/p fc Z) 

fe=i 

for any mutually distinct primes pi, . . . ,pi, one has a group isomorphism 
SL(d, Z/i(m)Z) x SL(d, Z/j(n)Z) = SL(d,Z/A;Z) x SL(d,Z/ZZ), 
where = gcd(z(m), j(n)) and Z = i(m)j(n)/ gcd(i(m), j(n)). Since 
(r/rjj) x (r/r^ } ) c SL(d, Z/i(m)Z) x SL(d,Z/j(n)Z) 
as a T-set, one has 

[r : rgrg)] < |SL(d,z/jfez)| [SL(d,z/zz) : r/r,]. 

Therefore, the condition sup{[r : Tn ] '■ m,n E N} < oo follows from the fact 
that \i fl j| < oo. □ 

For example, we can take T < SL(2, Z) to be (2?)) = F 2 . By [SliJ, one 

may relax the assumption that 'T < SL(d, Z) has finite index" to 'T < SL(d, Z) 
is co-amenable," so that one can take T to be isomorphic to F^. 

Let S = (T n )^ =1 be a decreasing sequence of finite index subgroups of a group 
T. We write X$ = \imT/T n for the projective limit of the finite probability space 
r/r n with uniform measures. We note that L°°(Xs) = ((J £°°(T/T n ))" , where 
the inclusion t n : £°°(T/T n ) £°°(T/T n+1 ) is given by L n (f)(gT n+1 ) = f{gT n ). 
There is a natural action V rv L°°(Xs) which is ergodic, measure-preserving and 
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profinite. (Any such action arises in this way.) The action is essentially-free if 
and only if 

(5.1) V 9 Gr\{l} \{x eX s :gx = x}\ = lim 1{X 6 ^ " f = X}l = 0. 

This condition clearly holds if all T n are normal and f]T n = {1}. We denote 
A s = L°°(X S ) and A s>n = F°{T/Y n ) C A s . Since 

oo oo 

l 2 (a s ) = ci © 0(L 2 (A 5 , n ) e L 2 (A s ,n-i)) c ci © 0£ 2 (r/r n )° 

n=l n=l 

as a T-space, the action r r\ A s is strongly ergodic if Y has the property (t) 
with respect to S. 

Theorem 5.4. Let V be a countable group which is not inner- amenable, and I be 
an uncountable admissible family of decreasing sequences of finite index normal 
subgroups ofT . Then, all Mi = L{XA X V are full factors of type \\\ and the set 
{Mi : i G /} contains uncountably many isomorphism classes of von Neumann 
algebras. 

Proof. That all Mi are full follows from [Chj. Take a finite subset F of V and 
e > such that (F, e) witnesses spectral gap for both non-inner-amenability and 
the property (r) with respect to {Tm H In }. We write Xi(g) for the unitary 
element in Mi that implements the action of g G T. 

We claim that if i ^ j, then (F, e) witnesses essential spectral gap of the 
unitary T-representation Ad(A» © Aj) on L 2 (Mj © Mj). First, we deal with the 
Ad(Aj © Aj)(r)-invariant subspace 

oo 

(5.2) L 2 {Ai © Aj) = CI © 0(L 2 (A i>n © A,-, n ) © L 2 {A Ln _ l © A i>n _i)). 

n=l 

We note that the unitary T-representation on 

L 2 (A„©^ = £ 2 ((r/r«)x(r/r^)) 

is contained in a multiple of l 2 (T/(vf n ri j) )). Hence if we show that the 
subspace of T-invariant vectors in L 2 (Ai © Aj) is finite-dimensional, then we can 
conclude by the property (r) that (F, e) witnesses essential spectral gap. Suppose 
£ G L 2 (Ai t n © Aj >n ) is T-invariant. Since r„ acts trivially on L 2 (Ai :Tl ), the vector 
£ is Ad(l © Aj^r^-invariant. The same thing is true for j. It follows that £ 

is in the T^Tn^ x ri^ri^-invariant subspace, whose dimension is [r : ri^r^] 2 . 
Since this number stays bounded as n tends to oo, we are done. Second, we deal 
with the Ad(Aj © Aj)(r)-invariant subspace 

(5.3) (L 2 (M 4 ) © L 2 {Ai)) © L 2 {M 3 ) S £ 2 (T \ {1}) © L 2 {A % ) © L 2 (M,), 

where T acts on the right hand side Hilbert space (which will be denoted by Ti) 
as Ad(A(g) © \i(g) © Aj(g)). For every vector £ G H, we write it as (£ g ) 9 er\{i} 
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with e L\A t ) <g> L\M 3 ) and define |£| G £ 2 (r \ {1}) by |£|(<7) = ||£ 9 ||- It 
follows that 

K(Ad(A(2)®A^)®A,(2))£,0 = 9f? ]T (Ad(A i (^)®A i (^))^,e 5% -i) 

her\{i} 

< £ n&iiiiUr*ii = (AdA(^)ieuei) 

feer\{i} 

for every g G T and £, & H. Since (F, e) witnesses spectral gap of the conjuga- 
tion action on £ 2 (Y \ {1}), it also witnesses spectral gap of the T- action on 7i. 
Similarly, (F, e) witnesses spectral gap of 

(5.4) L 2 (M 4 )®(L 2 (M,)eL 2 (^)). 

Since the Hilbert spaces (15 .21 - 15 .41) cover L 2 (Mj ® Mj), we conclude that (F,e) 
witnesses essential spectral gap of the T-action Ad(Aj ® Aj). This argument is 
inspired by [Chj . 

We claim that for any i E I and any unitary element u(g) G Mj with ||Aj(g) — 
u(g)|| 2 < e/4, the essential spectrum of the self-adjoint operator 

h r = ^F\J2( Ad ^9) ® «(<?)) + Ad(A,(^ 1 ) ® ufo" 1 ))) 

on L 2 (Mi®Mi) intersects with [1— e/2, 1]. We fix i G / and define for every n£N 
the projection \n £ Mj(§)Mj by x„ = ^ e fe® e fc, where {e^} is the set of non-zero 
minimal projections in Aj >n = £°°(r/r^). We normalize £ n = [r : Yn Y^Xn so 
that || ^ n || 2 = 1- Then, it is not hard to see 

Ad(Xi(g) ® \i(g))Z n = £ n 

for all 3 G F, and 

||(l®a)e„||^ = ||a|| 2 = ||e„(l®a)|| 2 
for all a E Mi. It follows that 

Q = E ^< Ad (M<?) ® o 

^ E( X - 2 H Ms) - <9)h) > 1 - e/2. 

Since £ n — > weakly asn-> oo, the claim follows (cf. |Io2] ) . 

/,From the above claims, we know that if % ^ j, then there is no ^-isomorphism 
9 from Mi onto Mj such that \\9(Xi(g)) - Xj(g)\\ 2 < e/4 for all g £ F. Now, 
if the isomorphism classes of {Mj : z G /} were countable, then there would be 
M and an uncountable subfamily I Q C J such that Mj = M for all i G Jo- 
Take an ^-isomorphism ^ : Mj — ► M for every i G Jo- Since M^ is separable in 
| ■ ||2-norm, there has to be i, j G Jo with i ^ j such that 

max||^(Ai(^)) -^(Aj( 5 ))|| 2 < e/4, 
in contradiction to the above. □ 
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When combined with Lemma 5.3, Theorem 15.41 shows in particular that any 
arithmetic property (T) group has uncountably many orbit inequivalent free 
ergodic profmite actions, thus recovering a result in |Io2] . However, |Io2] provides 
a "concrete" family (consequence of a cocycle superrigidity result for profmite 
actions of Kazhdan groups) rather than an "existence" result, as 15.41 does. But 
the consequence of I5.4[ 5.3 that's relevant here is the following: 

Corollary 5.5. For each 2 < r < oo ; there exist uncountably many non- 
isomorphic approximate free group factors of rank r. In particular, there exist 
uncountably many orbit inequivalent free ergodic profinite actions of ¥ r . 

Remark 5.6. Note that if 2 < r < oo and S = (T n ) is a decreasing sequence of 
finite index subgroups of the free group F r satisfying the condition (15. ip . then 
the associated free group factor of rank r is the inductive limit of A$^ n x F r = 
B(£ 2 (F r /r n )) ®L(r n ), which is isomorphic to L(F 1+ ( r _ 1 )/[ r . rn ]), by Schreier's and 
Voiculescu's formulae ( [VPN] ) . Since 1 + (r — l)/[r : T n ] — > 1, this justifies the 
notation L(F^; 5 ) for the approximate free group factor L°°(Xs) x F r . The factors 
L(¥*+) can be viewed as complementing the one parameter family of free group 
factors L(¥ 1+t ), < t < oo, in [DyJ [Raj . 

As mentioned in Section 4, all L(F r ^f) have Haagerup's compact approxima- 
tion property (by [Halj ). the complete metric approximation property (by 12.101) 
and unique Cartan subalgebra, up to unitary conjugacy (by 14.51) . Also, by |Oz3j . 
the commutant of any hyperfinite subfactor of L(¥^+ ) must be an amenable von 
Neumann algebra, in particular L(F^ 5 ) is prime, i.e. it cannot be written as 
a tensor product of two Hi factors. By |Po3] . since the factors L(¥ r ^f) have 
Haagerup property they cannot contain factors M which have a diffuse subalge- 
bra with the relative property (T). In particular, the TiT-factors considered in 
|Po3j ) cannot be embedded into approximate free group factors. Same for the 
factors arising from Bernoulli actions of "w-rigid" groups in [Po2j . 

Corollary 14.51 combined with |Gaj shows that approximate free group factors 
of different rank are non- isomorphic, L(¥ r /) ^ L(F^ 5 ), V2 < r ^ s < oo, and 
have trivial Murray-von Neumann fundamental group |MvNj when the rank is 
finite, J r (L(F^)) = {1}, V2 < r < oo. (Recall from [MvN] that if M is a Hi 
factor then its fundamental group is defined by T{M) = {t > | M l ~ M}.) 
The first examples of factors with trivial fundamental group were constructed 
in [Po3j, were it is shown that JF(L°°(T 2 ) x F r ) = {1}, for any finite r > 2, the 
action of F r on T 2 being inherited from the natural action SL(2, Z) rx T 2 = Z 2 , 
for some embedding F r C SL(2, Z). 

One can show that amplifications of approximate free group factors are related 
by the formula L(W r ^ + )* = L(F r l+ ' ), with r' = t _1 (r — 1) + 1, whenever t~ l is an 
integer dividing the index of some [r : T n ] in the decreasing sequence of groups 
S = (r n ), with S' appropriately derived from S. It is not clear however if this 
is still the case for other values of t for which t _1 (r — 1) + 1 is still an integer. 

Finally, note that L(F^ 5 ) is non-r if and only if the action T rx X$ has 
spectral gap. Indeed, since the acting group is F r , any asymptotically central 
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sequence in L(¥ r f) = L°°(X S ) x F r must lie in L°°(X 5 ), so L(¥ r f) is non-r if 
and only if F r rx X$ is strongly ergodic, which by [AE] is equivalent to F r rx X$ 
having spectral gap. For each 2 < r < oo, one can easily produce sequences of 
subgroups S = (r n ) such that F r rx X$ does not have spectral gap, thus giving 
factors L(F^ 5 ) with property T. On the other hand, as mentioned before, if F r is 
embedded with finite index in SL(2, Z) (or merely embedded "co- amenably," see 
[Shj) and S = (T n ) is given by congruence subgroups, then F r rx X$ has spectral 
gap by Selberg's theorem. Thus, the corresponding approximate free group 
factors L(¥ r ^f) are non-r. By Corollary 1 5 . 5 1 and its proof, there are uncountably 
many non-isomorphic such factors L(¥ r ^f) for each 2 < r < oo. It is an open 
problem on whether there exist solid factors within this class. 
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